Abstract. We prove that the Tate conjecture is invariant under Homological Projective Duality (=HPD). As an application, we prove the Tate conjecture in the new cases of linear sections of determinantal varieties, and also in the cases of complete intersections of two quadrics. Furthermore, we extend the Tate conjecture from schemes to stacks and prove it for certain global orbifolds.
Theorem 1.2 (Thomason) . Given a smooth projective k-scheme X, we have the following equivalence of conjectures T l (X) ⇔ T l nc (perf dg (X)). Proof. Combine the canonical Morita equivalence perf dg (X) ⊗ k k n ≃ perf dg (X k n ) (see [22, Lem. 4.26] ) with the main theorem in Thomason's work [28] . Theorem 1.2 shows that the Tate conjecture belongs not only to the realm of algebraic geometry but also to the broad setting of (smooth proper) dg categories. Making use of this latter noncommutative viewpoint, we now prove that the Tate conjecture is invariant under Homological Projective Duality (=HPD); for a survey on HPD we invite the reader to consult Kuznetsov [15] and/or Thomas [27] .
Let X be a smooth projective k-scheme equipped with a line bundle L X (1); we write X → P(V ) for the associated morphism where V := H 0 (X, L X (1)) * . Assume that the triangulated category perf(X) admits a Lefschetz decomposition A 0 , A 1 (1), . . . , A i−1 (i − 1) with respect to L X (1) in the sense of [14, Def. 4.1] . Following [14, Def. 6 .1], let Y be the HP-dual of X, L Y (1) the HP-dual line bundle, and Y → P(V * ) the morphism associated to L Y (1). Given a linear subspace L ⊂ V * , consider the linear sections X L := X × P(V ) P(L ⊥ ) and Y L := Y × P(V * ) P(L).
Theorem 1.3 (HPD-invariance).
Let X and Y be as above. Assume that X L and Y L are smooth
, and that the conjecture T Determinantal duality. Let U 1 and U 2 be two k-vector spaces of dimensions d 1 and d 2 , respectively, with
Consider the determinantal variety Z r d1,d2 ⊂ P(V ) defined as the locus of those matrices U 2 → U * 1 with rank ≤ r. Recall that the determinantal varieties with r = 1 are the classical Segre varieties. For example, Z 1 2,2 ⊂ P 3 is the quadric surface defined as the zero locus of the 2 × 2 minor v 0 v 3 − v 1 v 2 . In contrast with the Segre varieties, the determinantal varieties Z r d1,d2 , with r ≥ 2, are not smooth. The singular locus of Z r d1,d2 consists of those matrices U 2 → U * 1 with rank < r, i.e. it agrees with the closed subvariety Z r−1 d1,d2 . Nevertheless, it is well-known that Z r d1,d2 admits a canonical Springer resolution of singularities X r d1,d2 → Z r d1,d2 , which comes equipped with a projection q : X r d1,d2 → Gr(r, U 1 ) to the Grassmannian of r-dimensional subspaces in U 1 . Following [2, §3.3] , the category perf(X), with 
Since the Tate conjecture holds in dimensions ≤ 1, we hence obtain the following result: (
To the best of the author's knowledge, Theorem 1.7 is new in the literature. It proves the Tate conjecture in several new cases. Here are two families of examples: Example 1.8 (Segre varieties). Let r = 1. Thanks to Theorem 1.7(ii), whenever 
Therefore, for example, by letting d → ∞ (and by keeping r and dim(L) fixed), we obtain infinitely many new examples of smooth projective k-schemes X L , of arbitrary high dimension, satisfying the Tate conjecture. Veronese-Clifford duality. Let W be a k-vector space of dimension d and X the associated projective space P(W ) equipped with the double Veronese embedding [1] ) and set i := ⌈d/2⌉ and
Under these notations, the category perf(X) admits the Lefschetz decomposition
, where Cl 0 (q) stands for the sheaf of even Clifford algebras associated to q.
Let L ⊂ S 2 W * be a general linear subspace. On the one hand, X L corresponds to the smooth complete intersection of the dim(L) quadric hypersurfaces in P(W ) parametrized by L. On the other hand, Y L is given by perf dg (P(L); Cl 0 (q) |L ).
Recall that the space of quadrics P(S 2 W * ) comes equipped with a filtration
, where ∆ i stands for the closed subscheme of those singular quadrics of corank ≥ i. Theorem 1.13 (Intersection of two quadrics). Let X L be as in Corollary 1.12. Assume that dim(L) = 2, that P(L) ∩ ∆ 2 = ∅, and that p = 2 when d is odd. Under these assumptions, the conjecture T l (X L ) holds.
The proof of Theorem 1.13 is based on the solution of the noncommutative Tate conjecture in Corollary 1.12; see §5. An alternative (geometric) proof, based on the notion of variety of maximal planes, was obtained by Reid 3 in the early seventies; see [19, Thms. 3.14 and 4.14]. Therein, Reid proved the Hodge conjecture but, as Kahn kindly informed me, a similar proof works for the Tate conjecture. Remark 1.14 (Intersection of even-dimensional quadrics). In the case of an intersection X L of (several) even-dimensional quadrics, we prove in Theorem 5.4 below that the Tate conjecture T l (X L ), with l = 2, is equivalent to the corresponding Tate conjecture for the discriminant 2-fold cover P(L) of the projective space P(L). To the best of the author's knowledge, this (geometric) result is new in the literature.
Tate conjecture for stacks. Theorem 1.2 allows us to easily extend Tate's original conjecture from smooth projective k-schemes X to smooth proper algebraic k-stacks X by setting T l (X ) := T l nc (perf dg (X )). The following result proves this extended conjecture for certain global orbifolds: Theorem 1.15. Let G be a finite group of order m, X a smooth projective kscheme equipped with a G-action, and X := [X/G] the associated global orbifold. If p ∤ m, then we have the following implication of conjectures
Note that if m | (q − 1), then p ∤ m. Note also that since the Tate conjecture holds in dimensions ≤ 1, Theorem 1.15 leads automatically to the following result: − 1) , that the G-action on S is faithful, and that the Tate conjecture T l (S), with l ∤ mr, holds. Under these assumptions, the conjecture T l nc (perf dg ([S/G]; G)), with l ∤ mr, also holds.
Variants of the noncommutative Tate conjecture
Let A be a smooth proper dg category A, l = p a prime number, and n ≥ 1 an integer. Given an integer m ≥ 1, consider the following
and the corresponding variant of the noncommutative Tate 
induce an isomorphism between all the l-power torsion subgroups. Consequently, by passing to the l-adic Tate modules, we conclude that the induced homomorphisms H l n (A) → H l n (A; 1/m), n ≥ 1, are invertible.
Proof of Theorem 1.3
By definition of the Lefschetz decomposition A 0 , A 1 (1), . . . , A i−1 (i − 1) , we have a chain of admissible triangulated subcategories A i−1 ⊆ · · · ⊆ A 1 ⊆ A 0 with A r (r) := A r ⊗ L X (r). Note that A r (r) ≃ A r . Let a r be the right orthogonal complement to A r+1 in A r ; these are called the primitive subcategories in [14, §4] . By construction, we have the following semi-orthogonal decompositions: Moreover, the primitive subcategories coincide (via a Fourier-Mukai type functor) with those of perf(X) and we have the following semi-orthogonal decompositions:
imply the existence of semi-orthogonal decompositions
where C L is a common (triangulated) category. Let us denote, respectively, by C 
defined on the category of (small) dg categories and with values in the category of abelian groups. Thanks to Proposition 3.10 below, the functors (3.5) are additive invariants of dg categories. As explained in [20, Prop. 2.2] , this implies, in particular, that the above semi-orthogonal decompositions (3.3)-(3.4) give rise to the following direct sums decompositions of abelian groups (n ≥ 1):
. Consequently, by applying the functor Hom(Z(l ∞ ), −) to the isomorphisms (3.6)-(3.7), we obtain the following equivalences of conjectures:
On the one hand, since by assumption the conjecture T 
Finally, since X L and Y L are smooth projective k-schemes, the proof follows now from the equivalences Proof. Let F : A → B be a Morita equivalence; see [20, Def. 1.3.6] . As proved in [17, Prop. 7 .1], the induced dg functor F ⊗ k k n : A ⊗ k k n → B ⊗ k k n is also a Morita equivalence. Therefore, since algebraic K-theory inverts Morita equivalences (see
is invertible. By definition of the above functors (3.5), we hence conclude that the induced group homomorphism E n (A) → E n (B) is also invertible. Now, let A and B be two (small) dg categories, and B a dg A-B-bimodule. Consider the dg category T (A, B; B) whose set of objects is obj(A) ∐ obj(B), whose dg k-modules of morphisms defined as follows
if x ∈ B and y ∈ A , and whose composition law is induced by the composition law of A and B and by the dg A-B-bimodule structure of B. Note that, by construction, we have canonical dg functors ι A : A → T (A, B; B) and ι B : B → T (A, B; B). Under these notations, we need to show that the dg functors ι A and ι B induce an isomorphism A, B; B) ) .
Consider the dg categories A ⊗ k k n and B ⊗ k k n and the dg (
Since algebraic K-theory is an additive invariant of dg categories, the dg functors ι A⊗ k kn and ι B⊗ k kn induce an isomorphism
Therefore, by definition of the above functors (3.5), we conclude from (3.12) that the homomorphism (3.11) is also invertible. This concludes the proof.
Proof of Proposition 1.5
As proved in [4, Thms. 1.3 and 1.7], the dg category perf dg (Gr(r, U 1 )) is Morita equivalent to a finite dimensional k-algebra of finite global dimension A. Since A dg 0 = perf dg (Gr(r, U 1 )), we hence obtain the following equivalences of conjectures:
Recall that a finite field k is, in particular, perfect. Therefore, using the fact that the above functors (3.5) are additive invariants of dg categories, we conclude from [23, Thm. 3.15 ] that E n (A) ≃ E(A/J(A)), where J(A) stands for the Jacobson radical of A. This implies that T 
The proof follows now from the combination of (4.1)-(4.2) with the fact that, since dim(Z i ) = 0, the Tate conjectures
5. Proof of Theorem 1.13
We assume first that d is even. Following [13, §3.5] (see also [3, §1.6] ), let Z be the center of Cl 0 (q) |L and Spec(Z) =: P(L) → P(L) the discriminant cover of P(L). As explained in loc. cit., P(L) → P(L) is a 2-fold cover which is ramified over the divisor D := P(L) ∩ ∆ 1 . Since by assumption dim(L) = 2, we have dim(D) = 0. Consequently, since D is smooth, P(L) is also smooth. Let us write G for the sheaf of noncommutative algebras Cl 0 (q) |L considered as a sheaf of noncommutative algebras over P(L). As proved in loc. cit., since by assumption P(L) ∩ ∆ 2 = ∅, G is a sheaf of Azumaya algebras over P(L) of rank 2 (d/2)−1 . Moreover, the category perf(P(L); Cl 0 (q) |L ) is equivalent (via a Fourier-Mukai type functor) to perf( P(L); G). This leads to a Morita equivalence between the dg categories perf dg (P(L); Cl 0 (q) |L ) and perf dg ( P(L); G). Consequently, making use of Corollary 1.12, we obtain the following equivalence of conjectures:
Since by assumption dim(L) = 2, the 2-fold cover P(L) is a smooth projective curve. Using the fact that the Brauer group of every smooth curve over a finite field is trivial (see [18, page 109]), we hence conclude that the right-hand side of (5.1) is equivalent to
The proof follows now from the fact that the Tate conjecture holds for smooth projective curves.
We now assume that d is odd and that p = 2. Following [13, §3.6 ] (see also [3, §1.7] ), let P(L) be the discriminant stack associated to the pull-back q |L along P(L) ⊂ P(S 2 W * ) of the flat quadric fibration q : H → P(S 2 W * ). As explained in loc. cit., since by assumption 1/2 ∈ k, P(L) is a smooth Deligne-Mumford stack. Moreover, using the fact that, by construction, P(L) is a square root stack and that the critical locus of the flat quadric fibration q |L is the divisor D, we conclude from [7, Thm. 1.6 ] that the category perf( P(L)) admits a semi-orthogonal decomposition perf(D), perf(P(L)) . Consequently, an argument similar to the one in the proof of Theorem 1.3 yields the following equivalences of conjectures:
Let us write G for the sheaf of noncommutative algebras Cl 0 (q) |L considered as a sheaf of noncommutative algebras over P(L). As proved in [13, §3.6 ] (see also [3, §1.7] ), since by assumption P(L) ∩ ∆ 2 = ∅, G is a sheaf of Azumaya algebras over P(L). Moreover, the category perf(P(L); Cl 0 (q) |L ) is equivalent (via a Fourier-Mukai type functor) to perf( P(L); G). This leads to a Morita equivalence between the dg categories perf dg (P(L); Cl 0 (q) |L ) and perf dg ( P(L); G). Making use of Corollary 1.12, we hence obtain the following equivalence of conjectures: ( P(L); G) ) . Since by assumption dim(L) = 2 and the Brauer group of every smooth curve over a finite field is trivial, the right-hand side of (5.3) is equivalent to T l ( P(L)). Consequently, since dim(D) = 0, the proof follows now from the combination of (5.2) with the fact that the Tate conjecture holds for 0-dimensional k-schemes.
Intersection of even-dimensional quadrics.
Theorem 5.4. Let X L be as in Corollary 1.12. Assume that P(L) ∩ ∆ 2 = ∅, that the divisor P(L) ∩ ∆ 1 is smooth, and that d is even. Under these assumptions, we have the following equivalence of conjectures T l (X L ) ⇔ T l ( P(L)) for every l = 2.
Proof. Similarly to the proof of Theorem 1.3, we have the equivalence of conjectures
where G is a certain sheaf of Azumaya algebras over P(L) of rank 2 (d/2)−1 . Consider the following functors (n ≥ 1) with values in the category of Z[1/2]-modules: Making use of Lemma 2.1, we hence obtain the following equivalence:
The proof follows now from the combination of the equivalences (5.5) and (5.7).
Remark 5.8 (Azumaya algebras). Let X be a smooth projective k-scheme and G a sheaf of Azumaya algebras over X of rank r. Similarly to the proof of the above equivalence (5.7), we have T l nc (perf dg (X; G)) ⇔ T l (X) for every l ∤ r. As illustrated in (the proof of) Theorem 1.19 below, such an equivalence does not holds more generally in the case of a sheaf of Azumaya algebras over a global orbifold. 
